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Thermal one- and two-graviton Green’s functions in the temporal gauge
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The thermal one- and two-graviton Green’s function are computed using a temporal gauge. In
order to handle the extra poles which are present in the propagator, we employ an ambiguity-free
technique in the imaginary-time formalism. For temperatures T high compared with the external
momentum, we obtain the leading T 4 as well as the subleading T 2 and log(T ) contributions to the
graviton self-energy. The gauge fixing independence of the leading T 4 terms as well as the Ward
identity relating the self-energy with the one-point function are explicitly verified. We also verify
the ´t Hooft identities for the subleading T 2 terms and show that the logarithmic part has the
same structure as the residue of the ultraviolet pole of the zero temperature graviton self-energy.
We explicitly compute the extra terms generated by the prescription poles and verify that they do
not change the behavior of the leading and sub-leading contributions from the hard thermal loop
region. We discuss the modification of the solutions of the dispersion relations in the graviton plasma
induced by the subleading T 2 contributions.
PACS numbers: 11.15.-q, 11.10.Wx
I. INTRODUCTION
One of the main motivations for the first attempts to compute the self-energy at finite temperature was the study of
dispersion relations of a graviton plasma and the related interesting phenomena of anti-damping and wave propagation
[1, 2]. For temperatures T high compared with the external momentum, but well below the Planck scale, the complete
tensor structure of the leading one-loop contributions, proportional to T 4, was calculated for the first time in Ref. [2].
Later some subleading contributions of order T 2 were computed, including the contributions of thermal scalar matter
and radiation [3], and subsequently all terms proportional to T 4, T 2 and log(T ) where computed taking into account
thermal loops of gravitons [4].
When the internal graviton lines are included, the gauge dependence which arises from the choice of gauge fixing in
the gravitational action becomes an issue. In Ref. [4] the graviton self-energy was computed employing the Feynman-
de Donder gauge with an arbitrary gauge fixing parameter. While the subleading contributions are gauge dependent,
the leading T 4 contributions to the self-energy as well as to the one-point function are gauge fixing independent and
satisfy the Ward identity. This last property is also true for the contributions from matter and radiation, being
consistent with a gauge invariant effective action for hard thermal loops interacting with gravity.
One can go further into the question of gauge dependence by considering a class of non-covariant gauges of the
kind that has been employed in gravity at zero temperature [5, 6, 7, 8, 9, 10]. At finite temperature non-covariant
temporal gauges would be even more appropriate, since the Lorentz covariance is already broken by the heat bath
but the rotational invariance is preserved. Despite the other well known advantages of the temporal gauge, finite
temperature calculations have been performed only in Yang-Mills theories both in imaginary and in the real time
formalisms [11, 12, 13, 14, 15, 16, 17]. This can be partially understood in view of the complexity of the gravitational
interaction and so explicit calculations in non-covariant gauges have been restricted to the zero temperature case.
Another reason for the lack of popularity of the temporal gauge in gravity is that, in contrast with the situation in
Yang-Mills theory, the zero temperature graviton self-energy is not transverse [7, 8]. However, this should not be a
very important concern in the finite temperature case where the transversality property is expected to be violated
in general. A more important difficulty in the temporal gauge is the problem of spurious singularities arising from
the n = 0 terms in the Matsubara sums [18], which is even more severe in the case of gravity in view of the higher
powers of n in the denominator of the temporal gauge graviton propagator. This situation was improved after the
development of an ambiguity-free technique to perform perturbative calculations at finite temperature in the temporal
gauge [15, 16]. Originally this technique was tested using zeta-functions to compute the Matsubara sums and later it
was applied to the calculation of the gluon self-energy using the standard method of introducing thermal distributions
by replacing the Matsubara frequency sum with a contour integral in the complex plane of the zero component of the
internal momentum [17].
The purpose of the present work is to apply the Leibbrandt’s prescription to the calculation of the thermal one-
and two-graviton Green’s functions in a class of temporal gauges. We will show explicitly how this approach leads to
a well defined result which can be expressed in terms of forward scattering amplitudes of thermal gravitons [20] plus
contributions from prescription poles. We will also show how the ghost interactions effectively decouple leaving only
thermal gravitons in the forward scattering amplitudes. We provide the explicit results for the leading and sub-leading
2hard thermal loop contributions and show that the prescription poles do not change the hard thermal loop behavior.
In section II we will present the Lagrangian for the graviton field and the corresponding Feynman rules in a class
of temporal gauges. We will also illustrate the basic approach with the simplest one-loop calculation, namely the one-
graviton function (tadpole). In section III we describe how the thermal graviton self-energy can be split in two parts.
The first part arises from the on-shell poles of thermal graviton, and it is expressed in terms of forward scattering
amplitudes, while the second part is generated by poles in the complex energy plane which are characteristic of the
temporal gauge prescription. We obtain from the forward scattering amplitudes the leading T 4 and the subleading
T 2 and logT contributions. In section IV we explicitly calculate the contributions from the prescription poles and
compare the results with the high temperature limit of the forward scattering expression. In section V we employ
the hard thermal loop results, up to the subleading T 2 contributions, to investigate the modification of the solutions
of the dispersion relations in a gravitational plasma. We will discuss our results in section VI.
II. LAGRANGIAN, FEYNMAN RULES AND BASIC DEFINITIONS
The graviton field, φµν , can be defined as a small perturbation around the flat space-time metric, ηµν , as follows
gµν(x) = ηµν + κφµν(x), κ
2 = 32 πG. (2.1)
Here G is Newton’s constant and gµν is the metric tensor. The Einstein Lagrangian density is given by
L = 2
κ2
√−g gµν Rµν (2.2)
where Rµν is the Ricci tensor given by
Rµν = ∂ν Γ
α
µα − ∂α Γαµν − Γαµν Γβαβ + Γαµβ Γβνα
Γαµν =
1
2
gαβ (∂µ gβν + ∂ν gβµ − ∂β gµν) (2.3)
It is clear from the previous expressions that the Einstein Lagrangian is an infinity series in powers of κ (an infinity
number of terms arises both from the inverse metric gµν and from the determinant g). Each power κn will come
out multiplied by a combination of tensor scalar products of n tensor fields φ and two derivatives ∂φ. Performing a
systematic expansion in powers of the coupling constant κ, it is straightforward to obtain the tree-level Feynman rules
corresponding to the terms which are quadratic, cubic, etc [30]. Before we show the explicit form of these vertices, let
us recall that the invariance of the Einstein action under general coordinate transformations (gauge transformations)
imply the existence of Ward identities relating all the vertices down to the quadratic term (see the appendix A).
The identity given by Eq. (A10) shows explicitly the usual problem of inverting the free quadratic part of a gauge
invariant Lagrangian. Following the standard procedure of introducing a gauge fixing condition and ghost fields, we
add the following two terms to the Einstein Lagrangian [21]
Lfix = − 1
2α
ηµν(nρφρµ)(n
σφσν) (2.4)
and
Lghost = −nµχν δφµν
δελ
ηλ, (2.5)
where χµ and ηµ are the gravitational Faddeev-Popov ghost vector fields, nµ is the axial vector and α is a constant
gauge parameter. Using Eq. (A3), we obtain the following explicitly form for the ghost Lagrangian
Lghost = χν [nλ ∂ν + ηλν n · ∂ + κ (nµ φµλ∂ν + φνλ n · ∂ + nµ (∂λφµν))] ηλ. (2.6)
Notice that, unlike Yang-Mills theory, ghosts remain coupled to the gravitons even for the choice α = 0. However,
our explicit calculation will show that the decoupling occurs when the loop integrations are performed.
We have now all the basic ingredients to perform perturbative calculations in thermal gravity. The graviton
propagator can now be obtained inverting the quadratic term of L + Lfix. Our choice of gauge fixing is such that
even the bare graviton propagator is already dependent on fourteen independent tensors as shown in table 1 (we will
3employ this same basis in order to obtain the tensor structure of the thermal self-energy) [31]. Using this tensor basis
it is possible to obtain the following compact form for the graviton propagator
Dλβ, ρσ(k) = 1
(k2 + iǫ)
{
I1λβ, ρσ −
1
D − 2I
2
λβ, ρσ + α
k4
n20 (k · u)2
[
T 8λβ, ρσ +
k2
(k · u)2 T
12
λβ, ρσ − T 11λβ, ρσ
]}
, (2.7)
where
I1µν, ρσ =
1
4
(dµκdνλ + dµλdνκ)(dρκdσλ + dρλdσκ),
I2µν, ρσ = dµκdνκdρλdσλ; dµν = ηµν −
kµuν
k · u ,
are convenient linear combinations of the tensors in Table I. As we can see the graviton propagator has the usual
poles at k2 = 0 as well as the poles at k · u = k0 = 0.
T
1
µν, ρσ = ηµρηνσ + ηµσηνρ
T
2
µν, ρσ = ηµρuνuσ + ηµσuνuρ + ηνρuµuσ + ηνσuµuρ
T
3
µν, ρσ = uµuνuρuσ
T
4
µν, ρσ = ηµνηρσ
T
5
µν, ρσ = ηµνuρuσ + ηρσuµuν
T
6
µν, ρσ =
1
k · u
[(ηµρkν + ηνρkµ)uσ + (ηµσkν + ηνσkµ)uρ+
+(ηµρuν + ηνρuµ)kσ + (ηµσuν + ηνσuµ)kρ]
T
7
µν, ρσ =
1
k · u
(kµuνuρuσ + kνuµuρuσ + kρuµuνuσ + kσuµuνuρ)
T
8
µν, ρσ =
1
k2
(ηµρkνkσ + ηµσkνkρ + ηνρkµkσ + ηνσkµkρ)
T
9
µν, ρσ =
1
k2
(kµkνuρuσ + kρkσuµuν)
T
10
µν, ρσ =
1
(k · u)2
[(kµuν + kνuµ)(kρuσ + kσuρ)]
T
11
µν, ρσ =
1
k2 k · u
(uµkνkρkσ + uνkµkρkσ + uρkµkνkσ + uσkµkνkρ)
T
12
µν, ρσ =
1
k4
kµkνkρkσ
T
13
µν, ρσ =
1
k2
(ηµνkρkσ + ηρσkµkν)
T
14
µν, ρσ =
1
k · u
[ηµν (kρuσ + uρkσ) + ηρσ (kµuν + uµkν)]
TABLE I: The fourteen independent tensors built from ηµν , kµ and uµ ≡ nµ/n0 and satisfying the symmetry conditions
T
i
µν,ρσ = T
i
νµ,ρσ = T
i
µν,σρ = T
i
ρσ,µν .
The first and second order terms in κ yield the following three and four graviton vertices respectively
V 3αβ, ρλ, δγ(k1, k2, k3) =
κ
4
{[k2 · k3(ηαβ(ηρληδγ − ηρδηλγ) + 4ηαδ(ηβρηγλ − ηρληβγ))
4µν
q
k µν
q
k
(a) (b)
FIG. 1: Diagrams contributing to the one-graviton function in the one-loop approximation. The curly lines represent gravitons
and the dashed lines represent ghosts.
+2k2α(k3β(ηλγηρδ − ηρληδγ) + 2k3ρ(ηβληδγ − 2ηβδηλγ))
+2k2ρ(2k3αηβληδγ + k3λ(2ηβγηαδ − ηαβηδγ)) + 2k2δk3ρ
×(ηαβηλγ − 2ηβληαγ)] + symmet. on (α↔ β), (ρ↔ λ),
, (δ ↔ γ)}+ permut. of (k1, α, β), (k2, ρ, λ), (k3, δ, γ), (2.8)
V 4αβ, ρλ, δγ, τσ(k1, k2, k3, k4)=
κ2
16
{[k3 · k4((ηαβηρλ − 2ηαρηβλ)(ηδγητσ − ηδτηγσ) + 8(ηαδηβρ
+ηαρηβδ − ηαβηδρ)(ηλγητσ − ησγητλ) + 8ηρτηαδ(ηβγησλ − ηβσηγλ))
+4k3α(2k4ρηβλ − k4βηρλ)(ηδγητσ − ηδτηγσ) + 16(k3ρk4αηβδ − k3αk4βηδρ)
×(ηγσηλτ − ηγλητσ) + 8(k3αk4δ + k3δk4α)(ηρληβγ − 2ηγληβρ)ητσ
+16k3αk4δ(ηρτ (2ηβσηγλ − ηβγησλ) + ηγσ(2ηρτηβλ − ηρληβτ ))
−16k3δk4αηρτηβγησλ + 2(k3τk4δηγσ − k3δk4γητσ)(ηαβηρλ − 2ηαρηβλ)
+8(k3τk4δηγλ − k3δk4γηλτ )(2ηβσηαρ − ηρσηαβ)
]
+symmet. on (α↔ β), (ρ↔ λ), (δ ↔ γ), (τ ↔ σ)}
+permut. of (k1, α, β), (k2, ρ, λ), (k3, δ, γ), (k4, τσ) . (2.9)
We have verified that these vertices are in agreement with the Ward identities described in the Appendix A.
Finally, the quadratic and the interacting term in the ghost Lagrangian (2.6) yields the ghost propagator
Dghostλµ (k) = i
[
1
2(n.k)2
kλnµ − 1
n.k
ηλµ
]
(2.10)
and the graviton-ghost-ghost vertex
V Gggµκ, ρν(k1, k2, k3) = iκ(ηρµηνκn.k2 + ηρκnµk2ν + ηνκnµk1ρ) + µ↔ κ , (2.11)
respectively.
A. The one-point function
In order to introduce our notation and the basic method of calculation we will rederive here the result for the
thermal one-point function. The one-point function is interesting by itself, since it is directly related to the energy
momentum tensor derived from the effective action [2]. It also provides the simplest non-trivial example of a one-loop
calculation in gravity. Indeed, in contrast with the zero temperature case, the finite temperature one-point function
is non-zero, being exactly proportional to T 4. For that reason it will play an important roˆle in the Ward identities
obeyed by the hard thermal loop Green’s functions.
The relevant diagrams are shown in the Fig. I. Using the imaginary time formalism [18] the Eqs. (2.10) and (2.11)
give the following contribution for the ghost loop diagram shown in figure 1(a)
Γghostµν = κT
∑
q0
∫
dD−1 ~q
(2π)D−1
ηµν ; q0 = 2π i n T ; n = 0,±1,±2, . . . . (2.12)
5Throughout this work the Matsubara sums like that one in Eq. (2.12) will be computed using the standard and
elegant relation [18]
T
∑
q0
f(q0) =
∫ i∞+δ
−i∞+δ
dq0
2πi
[f(q0) + f(−q0)] 1
2
coth(
q0
2T
) =
∫ i∞+δ
−i∞+δ
dq0
2πi
[f(q0) + f(−q0)]
(
1
2
+
1
e
q0
T − 1
)
. (2.13)
In general, the vacuum part of the amplitudes (terms which arise from the factor 1/2 inside the round bracket of Eq.
(2.13)) may be divergent in the limit D → 4 and so the arbitrary dimension D provides a regulator for the vacuum
piece of the thermal Green’s functions as usual [22].
The tadpole diagram provides the simplest example of an effective decoupling of the ghost graviton interaction
in the temporal gauge (this is not a trivial property at non-zero temperature). Indeed, substituting (2.13) into Eq.
(2.12) we can see that the vacuum piece vanishes as a consequence of the identity∫
dD−1 ~q |~q|r = 0. (2.14)
The thermal piece also vanishes since we can close the contour in the right hand side of the q0 plane without enfolding
any poles.
The contribution from the graviton loop in figure 1(b) is a little bit more involved. After some straightforward
tensor algebra we obtain from Eqs. (2.7) and (2.8) the following result
Γµν = κT
∑
q0
∫
dD−1 ~q
(2π)D−1
D
8
[
2(D − 3)qµ qν
q2
− (D − 5) ηµν
]
. (2.15)
It is interesting to notice that the gauge parameter α from the graviton propagator has already canceled out at the
integrand level.
Let us now compute Eq. (2.15) with the help of formula (2.13). As in the case of the ghost loop diagram, the
contribution proportional to ηµν vanishes. The dimensional regularized vacuum piece will also vanish and we are left
with only the following expression
Γµν = 2 κ
∫ i∞+δ
−i∞+δ
d q0
2π i
1
e
q0
T − 1
∫
d3 ~q
(2π)3
qµ qν
q2
. (2.16)
Closing the contour in the right hand side plane the pole at q0 = |~q| gives the following contribution
Γµν = −κ
∫ ∞
0
d|~q|
(2π)3
|~q|3
e
|~q|
T − 1
∫
dΩqˆµ qˆν
∣∣∣∣
q0=|~q|
, (2.17)
where we have introduced qˆµ = qµ/|~q| and
∫
dΩ is the integration over all directions of ~q. Finally, using the formula
[23] ∫ ∞
0
xν−1
ex/T − 1dx = Γ(ν) ζ(ν)T
ν (2.18)
we obtain
Γµν = −κ π
2 T 4
30
∫
dΩ
4 π
qˆµqˆν
∣∣∣∣
q0=|~q|
= −κ π
2 T 4
90
(4 uµuν − ηµν) , (2.19)
where we have employed the quantity u ≡ (1, 0, 0, 0), which coincides with the vector representing the local rest frame
of the plasma and was introduced in the table I.
III. THERMAL FORWARD SCATTERING CONTRIBUTIONS TO THE GRAVITON SELF-ENERGY
The diagrams which contribute to the graviton self-energy are shown in figure 2. The relevant Feynman rules for
the propagators and vertices are all given in the previous section. Let us first consider the ghost loop diagram shown
6µν βα
k− µν
k−
βα
k
q
µν βα
k−
+q k+q k
k
q
(a) (b) (c)
q
k
FIG. 2: Diagrams contributing to the graviton self-energy. The curly lines represent gravitons and the dashed lines represent
ghosts. The external momentum k is inward.
in figure 2(a). As we can see from the structure of the ghost propagator in Eq. (2.10) the integrand will involve a
combination of fractions of the following type
1
(q · u)m [(k + q) · u]n , m, n = 0, 1, 2. (3.1)
Before trying to perform the loop momentum integrations explicitly it is convenient to simplify the integrand using
well known algebraic identities and change of variables which may reduce the number of terms considerably. Indeed,
we have found that using a partial fraction decomposition of the quantities shown in Eq. (3.1) and a shift q → q − k
in the resulting partial fractions containing powers of [(q + k) · u]−1, leads to the simplest possible result given by
Πghµν,αβ =
∑
q0
∫
dqD−1
(2π)D−1
[
k2k · q uµuνuαuβ
k · u3q · u −
1
2
k2uµuνqαuβ
k · u2q · u +
1
2
uµkνuαqβ
k · u q · u −
1
2
k · q uµkνuαuβ
k · u2q · u
− 1
2
uµqνuαqβ
q · u2 +
1
2
uµqνkαuβ
k · uq · u +
1
2
ηαµηβν +
1
2
qµuνkαuβ
k · u q · u −
1
2
k · q uµuνkαuβ
k · u2 q · u +
1
2
k · q qµuνuαuβ
k · u q · u2
− 1
2
k2uµqνuαuβ
k · u2 q · u +
1
2
k · q uµqνuαuβ
k · u q · u2 −
1
2
qµuνqαuβ
q · u2 −
1
2
qµuνuαqβ
q · u2 −
1
2
uµqνqαuβ
q · u2 +
1
2
ηανηβµ
− 1
2
k2qµuνuαuβ
k · u2 q · u +
1
2
uµkνqαuβ
k · u q · u +
1
2
kµuνuαqβ
k · u q · u +
1
2
kµuνqαuβ
k · u q · u −
1
2
k · q kµuνuαuβ
k · u2q · u +
1
2
uµqνuαkβ
k · u q · u
− 1
2
k · q uµuνuαkβ
k · u2 q · u +
1
2
qµuνuαkβ
k · u q · u −
1
2
k2uµuνuαqβ
k · u2 q · u +
1
2
k · q uµuνuαqβ
k · u q · u2 −
1
2
k · q2uµuνuαuβ
k · u2 q · u2
+
1
2
k · q uµuνqαuβ
k · u q · u2
]
(3.2)
This procedure (partial fractions and then shifts) has been employed previously in the case of the Yang-Mills theory
[17]. In contrast with the present thermal gravity result given by Eq. (3.2), the axial gauge Yang-Mills ghost loop
vanishes at the integrand level. Notice that the partial fraction decomposition is justified since the integrands are
regularized accordingly.
Let us now consider the diagrams shown in figures 2(b) and 2(c). An important difference between these diagrams
and the ghost loop is that while the ghost loop contains only the poles at q0 = 0, the structure of the graviton
propagator in Eq. (2.7) is such that there are also the usual simple poles in the right hand side plane located at
q0 = |~q| and q0 = |~q + ~k| − k0 for the diagram in figure 2(b) and at q0 = |~q| for the diagram in figure 2(c) (notice
that k0 is an imaginary quantity at this stage of the calculation). In order to use the contour method of integration
described in section II A, we will employ the following prescription for the poles at q0 = 0 [15]
1
qr0
→ lim
µ→0
qr0
(q20 − µ2)r
. (3.3)
With this prescription the temporal gauge poles are moved away from the imaginary axis and we are allowed to
employ the formula (2.13). The q0 integral can then be performed closing the contour of integration in the right hand
side of the q0 plane, as we did in the previous section in the case of the one point function. The contributions from
the prescription poles located at q0 = µ will be analyzed in the next section.
We now follow the steps explained in the Appendix A of Ref. [17]. Basically this consists in the use of Eq.
(2.13) taking into account only the contributions from the poles located on the right hand side plane at q0 = |~q| and
7q0 = |~q+~k|−k0. Then, in the residues from the poles at |~q+~k|−k0 we perform the shift ~q → ~q−~k and use the property
coth(x+ k0) = coth(x). This yields the following expression in terms of thermal forward scattering amplitudes
Πµν,αβ |FS = −
1
(2π)3
∫
d3q
2|~q|
1
e
|~q|
T − 1
1
2


µ µ µν ν νk, −k,−k, k, k, −k,
++
q+kq q q qq−k q q
α βα β α β
+ q ↔ −q


q0=|~q|
,
(3.4)
where the factor 1/2 in front of the curly brackets takes into account the symmetry of the graphs in Figs. 2(b) and
2(c). It is understood that the external graviton lines with momentum q are contracted with the tensor given by the
curly bracket of Eq. (2.7).
We remark that the gauge parameter dependence of Eq. (3.4) involves only linear terms in α. This can be
understood since the quadratic powers of α which could in principle arise from the propagator in Eq. (2.7) do not
have the on-shell poles. Another interesting property of Eq. (3.4) is that it does not involve thermal ghosts.
The forward scattering expression in Eq. (3.4) is very convenient when considering the hard thermal loop contribu-
tions which arise from the region where the internal momentum q is of the order of the temperature T , which is large
compared to the external momentum k. In this regime we can expand the denominators in Eq. (3.4) as follows
1
k2 ± 2 k · q = ±
1
2 k · q −
k2
(2 k · q)2 + · · · . (3.5)
The leading hard thermal loop contribution is obtained by considering all the integrands which are of degree two in
the internal momenta q. After some straightforward but very tedious algebra we were able to express the leading
contribution in the following rather compact form
Πleadµν,αβ
∣∣
FS
= −κ2 π
2 T 4
30
∫
dΩ
4π
1
2
[(
k · ∂
∂qˆ
)
qˆµqˆν qˆαqˆβ
qˆ · k − ηµα qˆν qˆβ − ηνα qˆµqˆβ − ηµβ qˆν qˆα − ηνβ qˆµqˆα
]
q0=|~q|
, (3.6)
where we have employed the formula (2.18) and qˆ have the same meaning as in the Eq. (2.19).
One can easily verify that this leading T 4 contribution is related to the one-graviton function in Eq. (2.19) by the
Ward identity in Eq. (A5) (this result is also in agreement with the calculations performed in the Feynman-de Donder
gauge [2, 4]). Since we expect that the leading T 4 contributions are generated by a gauge independent effective action,
the contributions from the prescription poles in Eq. (3.3) should not modify the leading T 4 behavior. This will be
confirmed by our explicit calculation in the next section.
Let us now consider the subleading contributions which are generated when we expand the integrand of Eq. (3.4)
up to terms of degree zero in q. By power counting these will be of order T 2. In order to obtain the full tensor
structure generated by the expression (3.4) it is convenient to use the following tensor decomposition
Πµναβ =
14∑
l=1
ClT µν,αβl , (3.7)
where the tensors T µν,αβl are given in Table I. The coefficients Cl are obtained solving the system of 14 equations
14∑
l=1
(
T µν,αβi Tlµν,αβ
)
Cl = Πi, i = 1, 2, . . . , 14, (3.8)
where the quantities Πi are the following projections of the graviton self-energy
Πi = Πµν,αβ T µν,αβi , i = 1, ..., 14. (3.9)
Each one of these projections can be expanded using Eq. (3.5). The integrals over the modulus of ~q can be easily
performed using Eq. (2.18) (they yield the T 2 factor) and the angular integrals are all straightforward. Inserting the
results for Πi into Eq. (3.8) and solving for Cl, we obtain
CT
2
1 =
[
k4L(k)
~k2
(
1
12
+
5
192
k2
~k2
)
+
1
36
~k2 − 5
576
k4
~k2
− 1
144
k2 − 1
30
α
n20
k4
]
κ2T 2
CT
2
2 =
[
k6L(k)
~k4
(
7
32
+
25
192
k2
~k2
)
− 25
576
k6
~k4
− 1
18
k4
~k2
− 1
36
k2 +
4
45
α
n20
k4
]
κ2T 2
8CT
2
3 =
[
k8L(k)
~k6
(
15
16
+
175
192
k2
~k2
)
− 175
576
k8
~k6
− 55
288
k6
~k4
+
1
18
k4
~k2
+
1
9
k2 − 4
15
α
n20
k4
]
κ2T 2
CT
2
4 =
[(
− 1
16
+
5
192
k2
~k2
)
k4L(k)
~k2
− 4
15
α
n20
(~k4 + k2~k2 − 1
12
k4)− 5
576
k4
~k2
+
5
288
k2
]
κ2T 2
CT
2
5 =
[
25
192
k8L(k)
~k6
+
1
18
~k2 − 25
576
k6
~k4
+
5
288
k4
~k2
+
1
9
k2 − 1
15
α
n20
(4k2~k2 +
14
3
k4)
]
κ2T 2
CT
2
6 = k
2
0
[
−
(
7
32
+
25
192
k2
~k2
)
k4L(k)
~k4
+
25
576
k4
~k4
+
1
18
k2
~k2
− 4
45
α
n20
k2
]
κ2T 2
CT
2
7 = k
2
0
[
−
(
15
16
+
175
192
k2
~k2
)
k6L(k)
~k6
+
175
576
k6
~k6
+
55
288
k4
~k4
− 1
18
k2
~k2
− 1
18
+
4
15
α
n20
k2
]
κ2T 2
CT
2
8 = k
2
[(
13
96
+
31
96
k2
~k2
+
25
192
k4
~k4
)
k2L(k)
~k2
− 25
576
k4
~k4
− 13
144
k2
~k2
− 1
48
+
(
4
45
~k2 +
11
90
k2
)
α
n20
]
κ2T 2
CT
2
9 = k
2
[(
15
16
+
55
32
k2
~k2
+
175
192
k4
~k4
)
k4L(k)
~k4
− 175
576
k6
~k6
− 65
144
k4
~k4
− 11
72
k2
~k2
+
2
45
α
n20
k2
]
κ2T 2
CT
2
10 = k
2
0
[(
23
32
+
55
32
k2
~k2
+
175
192
k4
~k4
)
k4L(k)
~k4
− 175
576
k6
~k6
− 65
144
k4
~k4
− 23
288
k2
~k2
+
1
12
− 4
15
α
n20
(~k2 +
4
3
k2)
]
κ2T 2
CT
2
11 =
k2 k20
~k2
[
−
(
1
2
+
35
24
k2
~k2
+
175
192
k4
~k4
)
k2L(k)
~k2
+
175
576
k4
~k4
+
35
96
k2
~k2
+
1
24
+
2
15
α
n20
~k2
]
κ2T 2
CT
2
12 =
k4
~k2
[(
1
6
+
29
24
k2
~k2
+
95
48
k4
~k4
+
175
192
k6
~k6
)
L(k)− 175
576
k4
~k4
− 155
288
k2
~k2
− 5
24
− 2
45
α
n20
~k2
]
κ2T 2
CT
2
13 = k
2
[(
1
16
+
5
48
k2
~k2
+
25
192
k4
~k4
)
k2L(k)
~k2
− 25
576
k4
~k4
− 5
288
k2
~k2
−
(
14
45
~k2 +
1
3
k2
)
α
n20
]
κ2T 2
CT
2
14 = k
2
0
[
− 25
192
k6L(k)
~k6
+
25
576
k4
~k4
− 5
288
k2
~k2
− 1
18
+
1
15
α
n20
(4~k2 +
14
3
k2)
]
κ2T 2
(3.10)
where
L(k) =
k0
2|~k|
log
k0 + |~k|
k0 − |~k|
− 1 . (3.11)
There are some properties of the T 2 contributions which are worth stressing. First, the T 2 contributions show their
gauge dependence explicitly through the gauge parameter α. Each of these gauge parameter dependent terms have
two powers of momentum relative to the corresponding α-independent ones (the correct mass dimension is provided
by n20 in the denominators). Secondly, the simple Ward identity satisfied by the leading T
4 contributions is no longer
true for the sub-leading contributions. In the Appendix B we derive the more general ´t Hooft identities and we verify
that the following identity is satisfied
χ
(0)
µνλΠ
µναβ
T 2 = −χ
(1)T 2
µνλ V
2µναβ (3.12)
where χ
(1)
µνλ is represented by the diagram shown in Fig. 3. The T
2 contribution to χ
(1)
µνλ is computed in detail in the
Appendix B.
We have proceed even further with the hard thermal loop expansion of Eq. (3.4) and computed the contributions
from the integrands of degree minus 2 in q. After integration these yield the logT terms. We have verified that the
logT contributions of all the projections Πi, (see Eq. (3.9)) are simply related to the corresponding projections of
the ultraviolet divergent part of zero temperature graviton self-energy. The zero temperature results were computed
using the gauge choice α = 0 in [8]. Setting α = 0 in our general result we have verified that
Πlogµν,αβ
∣∣∣
FS
= log(T )Πǫµν,αβ , (3.13)
where Πǫµν,αβ is the residue of the ultraviolet divergent zero temperature contribution computed in D = 4 − 2ǫ
dimensions. The verification of this property in the case of gravity formulated in the temporal gauge complements
9k
+
q
µ λν
q k
FIG. 3: The source-ghost diagram. The full/wave line on the left represents the external source.
similar results obtained in the Feynman-de Donder gauge [4] as well as in the case of the Yang-Mills theory [17, 24].
Since our calculation has been performed for arbitrary values of α, we present complete results in the Appendix C.
IV. THE CONTRIBUTIONS FROM PRESCRIPTION POLES
Let us now consider the terms which arise from the poles located at q0 = µ, where µ is the quantity introduced in
Eq. (3.3). It is convenient to express these contributions directly in terms of the projections defined by Eq. (3.9).
Each one of the fourteen projections can be expressed as follows
Πpresci = limµ→0
4∑
r=1
∑
q0
∫
dD−1~q
[
f ri (k0,
~k · ~q, ~q 2, ~k2)
q2(q + k)2
+ gri (k0,
~k · ~q, ~q 2, ~k2)
]
(q0)
r
(q20 − µ2)r
, i = 1, 2, . . . , 14. (4.1)
where f ri and g
r
i are polynomials in their arguments, and the denominators q
r
0 have been replaced according to the
prescription (3.3). This is the most general form of the integrands from the diagrams with gluon or ghost loops.
Notice that, in particular, the ghost loop expression given by Eq. (3.2) yields, after projection, contributions of the
kind given by the gri terms above, which contains no on-shell poles.
The parameter µ regulates the originally ill defined sums and also makes possible the use of the formula (2.13),
since now the integrand is regular along the imaginary q0 axis. Hence (4.1) can be rewritten as
Πpresci = limµ→0
4∑
r=1
∫ i∞+ǫ
−i∞+ǫ
dq0
2πi
∫
dD−1~q
1
2
coth
( q0
2T
){ (q0)r
(q20 − µ2)r
[
f ri (k0,
~k · ~q, ~q 2, ~k2)
q2(q + k)2
]
+ q ↔ −q
}
. (4.2)
We have employed Eq. (2.14) and so the dimensionally regularized integration of the gri terms has vanished. This
important property shows how the ghosts are effectively decoupled at finite temperature.
Performing the q0 integration by closing the integration contour at right-hand side plane, we obtain from (4.2)
Πpresci = limµ→0
4∑
r=1
dr−1
dµr−1
coth
( µ
2T
)∫
dD−1~q Gr(µ, k0, ~k · ~q, ~q 2, ~k2). (4.3)
In order to obtain the limit µ→ 0, we need the following expansions of the coth and its derivatives
coth
( µ
2T
)
=
2T
µ
+O(µ) , d
dµ
coth
( µ
2T
)
= −2T
µ2
+
1
6
1
T
+O(µ2)
(4.4)
d2
dµ2
coth
( µ
2T
)
=
4T
µ3
+O(µ) , d
3
dµ3
coth
( µ
2T
)
= −12T
µ4
− 1
60
1
T 3
+O(µ2).
An important property of the contribution of the prescription poles is that all the temperature dependence arises only
from the expansions of the hyperbolic cotangent shown above as odd powers of T . Therefore, the results obtained
in the previous section for the leading T 4 and sub-leading T 2 and log(T ) are not modified by the temporal gauge
prescription.
It remains to be verified that the limit µ→ 0 is well defined. Our explicit calculations show that the results for all
projections do not involve inverse powers of µ. Using the symmetry of the angular integrals all the inverse powers of
10
µ cancel and we obtain finite results given by
Πpresci = T
∫
dD−1~q
F 1i (k0,
~k · ~q, ~q2, ~k2)
~q6[−k20 + (~q + ~k)2]5[−k20 + (~q − ~k)2]5
+
1
T
∫
dD−1~q
F 2i (k0,
~k · ~q, ~q2, ~k2)
~q4[−k20 + (~q + ~k)2]3[−k20 + (~q − ~k)2]3
+
1
T 3
∫
dD−1~q
F 3i (k0,
~k · ~q, ~q2, ~k2)
~q2[−k20 + (~q + ~k)2][−k20 + (~q − ~k)2]
. (4.5)
All these integrals are regular and can be done. In the Appendix D we show in an explicit example a closed form
result. For i = 8, 10, 11, 12 we obtain Πpresci = 0, which is in agreement with the ´t Hooft identity given by Eq. (B5).
We also show that Πpresci = 0 for i = 7, 9, 13, 14. Though the non-vanishing integrals (i = 1, 2, 3, 4, 5, 6) introduce an
extra temperature dependence, it is clear that they do not change the behavior of the hard thermal loop expressions
obtained in the previous section.
We remark that these non-vanishing integrals include both the thermal and the zero temperature contributions
(notice that the integrands contains a coth instead of the purely thermal part involving the Bose-Einstein distribution).
Had we computed the thermal part separately we would be left with contributions which are divergent when µ → 0
as well as the inverse powers of T . Since the dimensional regularization is employed only for the space part of the
integrals, the vacuum part also contains inverse powers of µ (only the fully dimensionally regularized zero temperature
calculation is well defined in the limit µ → 0 [15]). It is remarkable that the inverse powers of µ in the thermal part
are exactly canceled by the corresponding ones in the vacuum part and we are left only with the inverse powers of
the temperature. This property indicates that some of the ill-defined inverse powers of µ have been replaced by a
thermal regulated expression. In order to understand why these prescription dependent parts are not well defined
when T → 0, one should notice that µ is a dimensionfull parameter which was made “small” in the sense that µ << T .
Therefore, the prescription-dependent results cannot be extended to the region T → 0.
V. DISPERSION RELATIONS IN A GRAVITON PLASMA
The sub-leading hard thermal loop contributions proportional to T 2 will produce modifications in the solution
of the dispersion relations describing the wave propagation in a graviton plasma. The dispersion relations were
carefully investigated in the case of the leading T 4 contributions [2]. The inclusion of sub-leading contributions has
been considered in the Feynman-de Donder gauge [4]. Although the sub-leading modification of the solutions of
the dispersion relations are suppressed by a factor GT 2 ≪ 1, in relation to the order one part arising from the
T 4 contributions, one may be interested to know how the gauge dependence of the graviton self-energy will affect
these solutions (the one-graviton function, which also contributes to the dispersion relations, has no sub-leading
gauge dependent contributions at the one-loop order considered here). In Yang-Mills theories, the problem of gauge-
(in)dependence is well understood since a theorem was proved by Kobes, Kunstatter and Rebhan (KKR) [25]. In
an one-loop calculation, the gauge dependences of the location of the poles of the gluon propagator are explained in
terms of the KKR identities. A well known example of this problem is the gauge dependence of the plasmon damping
constant (see [26] for a recent review) and its solution by the Braaten and Pisarski resummation scheme [27]. As far
as we know, a complete analysis of this problem, in the case of gravity, is still missing. Therefore, we believe that
it is important to investigate how gauge dependent the graviton propagator is and whether it is possible to extract
gauge independent information. In this regard, it is remarkable that the one-loop calculations of the QCD damping
constant, in the axial gauge, though incomplete, satisfy some of the necessary conditions required by any physical
quantity, being both gauge independent and positive [12].
With this motivation, let us apply our axial gauge results in the dispersion relations associated with the transverse
traceless components of the Jacobi equation for small disturbances in the graviton plasma [2]. Proceeding as in
reference [4], the results given in Eq. (3.10) (as well as the corresponding leading T 4 contributions) yields the
following dispersion relations for the three transverse traceless modes
k2
[
1 +
16πGT 2k2
15
α
n20
]
= 16πGρ
[(
5
9
+
1
2
r4L− 1
6
r2
)
+
5k2
π2T 2
(
r2L+
5
16
r4L− 5
48
r2 − 1
12
+
1
3
1
r2
)]
k2
[
1 +
16πGT 2k2
15
α
n20
(
1 +
8
3
1
r2
)]
= 16πGρ
[(
2
9
− 2r4L+ 2
3
r2 +
10
9
1
r2
)
11
+
5k2
π2T 2
(
−13
8
r2L− 5
4
r4L+
5
12
r2 +
7
12
+
2
3
1
r2
)]
k2
[
1 +
16πGT 2k2
15
α
n20
(
1 +
8
3
1
r4
+
32
9
1
r2
)]
= 16πGρ
[(
8
9
+ 3r4L− r2 + 28
27
1
r2
)
+
5k2
π2T 2
(
5
4
r2L+
15
8
r4L− 5
8
r2 +
1
24
+
1
r2
+
4
9
1
r4
)]
; r2 ≡ k
2
~k2
. (5.1)
where L(k) is given by Eq. (3.11).
Let us now solve these relations in the region of real values of k0 and ~k, which is relevant for the propagation of
waves, and then compare with the corresponding solutions previously obtained in the Feynman-de Donder gauge. It is
convenient to introduce the dimensionless quantities k¯2 ≡ |~k|2/(16πGρ), ω¯2 ≡ ω2/(16πGρ) and n¯20 ≡ n20/(16πGρ). We
will also choose n20 = ω
2 so that the scale of the gauge fixing is compatible with the momentum scale. For intermediate
values of k¯ and ω¯, the dispersion relations have to be solved numerically and the results are qualitatively similar to
the ones shown in Fig. 3 of reference [4]. In order to discuss the specific issue of gauge dependence in terms of well
defined analytic expressions, we will consider the asymptotic regions of very small and very large values of k¯, ω¯. In
the limit k¯ → 0 the solution of the dispersion relations (5.1) gives the following result for the plasma frequency (this
is the minimum frequency above which propagating waves are supported by the plasma)
(ω¯axialpl )
2 =
22
45
[
1 +
(
25
6
− 8α
)
2πGT 2
15
]
, (5.2)
where we have neglected higher powers of GT 2. From Eqs. (4.15) of reference [4] the same limit k¯ → 0 yields
(ω¯cov.pl )
2 =
22
45
[
1−
(
14
5
+ (1 − ξ)
)
32πGT 2
15
]
, (5.3)
were ξ is the gauge parameter in the class of covariant gauges and ξ = 1 defines the Feynman-de Donder gauge
employed in reference [4]. An important property of these results is that, in both classes of gauges, there is the
same strong dependence on the gauge parameter. In order to understand this behavior, let us reintroduce the
dimensionfull parameter 16πGρ = (8/15)π3GT 4. Then, in both classes of gauges, one can see that the gauge
dependent subleading correction is of order (GT 4)(GT 2) which is of the same order as the two-loop corrections, not
included in this calculation. Therefore, the subleading contributions to the plasma frequency constitute only a partial
result at the one-loop order.
In the limit of high frequencies, ω¯2 ∼ k¯2 ≫ 1 the asymptotic behavior of the solutions is described by the thermal
masses m¯2I ≡ ω¯2I − k¯2I (I = A,B,C). Using Eqs. (5.1) it is straightforward to obtain the following results
(m¯axialA )
2 =
5
9
[
1 +
8
5
k¯2 πGT 2
]
, (5.4)
(m¯axialB )
2 =
√
10
3
[
1 +
√
10 k¯
4πGT 2
15
]
k¯ (5.5)
and
(m¯axialC )
2 =
2
√
21
9
[
1 +
4
7
k¯2 πGT 2
]
k¯. (5.6)
When the same derivation is performed using Eqs. (4.15) of reference [4], for arbitrary values of the gauge parameter
ξ, one obtains the following results
(m¯cov.A )
2 =
5
9
[
1− (9− ξ)32πGT
2
15
]
, (5.7)
(m¯cov.B )
2 =
√
10
3
[
1− (1 − ξ)16πGT
2
15
]
k¯ (5.8)
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and
(m¯cov.C )
2 =
2
√
21
9
[
1 + ξ
16πGT 2
15
]
k¯. (5.9)
All these explicit examples clearly show the main differences between these two distinct classes of gauges. It is
remarkable that the axial gauge subleading contributions contain extra powers of k¯ which makes then larger than the
corresponding corrections in the covariant gauges, of order (GT 4)(GT 2). Notice however, that the hard thermal loop
condition, k2 ≪ T 2, implies that k¯2GT 2 ≪ 1 so that the subleading contributions will not exceed the leading ones.
As far as the gauge dependences are concerned, we remark that there are no gauge parameter dependences in the
axial gauge results (for the choice n20 = ω
2 ≃ |~k|2). While this property is consistent with the necessary requirement
that any physical quantity should satisfy, the same is not true when the masses m¯I (I = A,B,C) are computed in the
covariant gauges.
VI. DISCUSSION
In this article we have explicitly computed the thermal one- and two-graviton functions in the temporal gauge.
We have applied Leibbrandt’s [15] prescription to deal with the temporal gauge poles at finite temperature. This
calculation provides a rather non-trivial explicit verification of the gauge invariance properties of the hard thermal
loop contributions. Indeed, the leading T 4 behavior is in agreement with previous calculations in covariant gauges.
The subleading contributions of order T 2 have a gauge dependence in agreement with the ´t Hooft identities. We
have also compared our logT contributions with the residue of the ultraviolet pole of the dimensionally regularized
zero temperature graviton self energy, given in Ref. [8], and found that they are the same (this property has also
been verified in the Feynman-de Donder gauge [4]). Our results include also the full gauge parameter dependence, as
shown in the Appendix C.
Our explicit calculation indicates that the temporal gauge may be consistently employed even in the highly non-
trivial case of thermal gravity. The form of the prescription poles in Eq. (3.3) do not change the hard thermal loop
behavior of our main result given by Eq. (3.4). An important property of this forward scattering amplitude is that,
as opposite to the covariant gauges, it does not involve thermal ghosts and the gauge parameter dependence is linear
in α.
In the analysis of the dispersion relations we have included the hard thermal loop subleading contributions pro-
portional to T 2 and compared the structure of the gauge dependence with similar calculations which were performed
earlier in the Feynman gauge. As expected from general formal arguments there are gauge dependent contributions
which arises from the subleading T 2 terms in the graviton self-energy. By power counting, some of the gauge de-
pendent terms are of the same order as the two-loop contributions. However, the subleading terms, when computed
in the axial gauge, are such that their contributions to the asymptotic masses are enhanced by extra powers of k¯
and have a weaker gauge dependence. This behavior is analogous to what happens in QCD, where the plasmon
damping constant (which also is subleading in the temperature) has a weaker gauge dependence when computed in
non-covariant gauges.
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APPENDIX A: WARD IDENTITIES
In this appendix we derive the identities which must be satisfied by the vertex functions generated from an action
which is invariant under coordinate transformations. These identities provide an important consistency check of the
gravitational Feynman rules as well as the leading high temperature thermal Green’s functions.
The invariance of an action S can be expressed as follows
δ S =
∫
d4x
δL(x)
δφµν(x)
δφµν(x) = 0. (A1)
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Let us choose the following coordinate transformation with an infinitesimal parameter δεµ(x)
x′
µ
= xµ + δεµ (x) .
Performing the transformation in the metric
g′µν(x
′) =
∂xα
∂x′µ
∂xβ
∂x′ν
gαβ = gµν(x) − gαν(x) ∂µ δεα − gαµ(x) ∂ν δεα
= g′µν(x) + δε
λ ∂λ g
′
µν(x), (A2)
we obtain
g′µν(x) − gµν(x) ≡ δgµν = κ δφµν = −gµσ ∂νδεσ − gνσ ∂µδεσ − δελ
(
∂λgµν
)
= −∂ν δεµ − ∂µ δεν − κ
[
φµσ (∂νδε
σ) + φνσ (∂µδε
σ) + δελ (∂λφµν )
]
, (A3)
where we have used Eq. (2.1). Inserting (A3) into (A1) and using integration by parts, we obtain∫
d4x δελ (ηνλ ∂µ + ηµλ ∂ν)
δL
δφµν
= −κ
∫
d4x δελ (∂ν φµλ + ∂µ φνλ + (∂λ φµν))
δL
δφµν
(A4)
Taking functional derivatives of Eq. (A4) one obtains the following Ward identities in momentum space
1
κ
χ0µνλ(k1)V
2µν
αβ (k1, k2) = −χ1µναβλ(k1, k2)V 1µν(k1 + k2 = 0) (A5)
1
κ
χ0µνλ(k1)V
3µν
αβδγ(k1, k2, k3) = −χ1µναβλ(k1, k2)V 2µνδγ(k1 + k2, k3)
−χ1µνδγλ(k1, k3)V 2µναβ(k1 + k3, k2) (A6)
1
κ
χ0µνλ(k1)V
4µν
αβδγτσ(k1, k2, k3, k4) = −χ1µναβλ(k1, k2)V 3µνδγτσ(k1 + k2, k3, k4)
−χ1µνδγλ(k1, k3)V 3µναβτσ(k1 + k3, k2, k4)
−χ1µντσλ(k1, k4)V 3µναβδγ(k1 + k4, k2, k3), (A7)
where
χ0µνλ(k1) = k1µηνλ + k1νηµλ (A8)
χ1µναβλ(k1, k2) = k1νηαµηλβ + k1µηαληνβ + k2ληαµηβν , (A9)
and the vertices V n are the momentum space expressions for the n-th functional derivatives computed at φµν = 0
(momentum conservation is understood in all identities).
In the case of a tree-level action there is no one-point “vertex” V 1µν and so the quadratic term satisfies the
transversality condition
χ0µνλ(k1)V
2µν
αβ (k1, k2) = 0. (A10)
This may not be the case for an effective gauge invariant Lagrangian. Indeed, it is well know that the one-graviton
function is non-zero at finite temperature.
APPENDIX B: GRAVITATIONAL ´T HOOFT IDENTITIES
The imaginary time formalism at finite temperature follows closely the corresponding formalism at T = 0. Conse-
quently, the ´t Hooft identities at finite T would be identical to the ones at T = 0, if there were no 1-particle tadpole
contributions (such terms vanish at T = 0 in the dimensional regularization scheme). However, since the tadpole is
exactly proportional to T 4, it will not affect the identities involving the sub-leading contributions. To derive these,
we start from the action
I =
∫
d4xd4yφµν(x)S
µν αβ
sub (x− y)φαβ(y) +
∫
d4xd4yJµν(x)Xµν λ(x− y)ηλ(y) + · · · . (B1)
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Here Sµν αβsub denotes the tree order quadratic term plus the sub-leading contributions to the graviton 2-point function
and Xµν λ represents the tensor generated by a gauge transformation of the graviton field which is given to lowest
order, in the momentum space, by Eq. (A8). Jµν is an external source, ηλ represents the ghost field and · · · stand
for terms which are not relevant for our purpose. The ´t Hooft identity involving the graviton self-energy function is
a consequence of the BRST invariance of the action I:∫
d4x
δI
δJµν(x)
δI
δφµν(x)
= 0 (B2)
In general, Eq. (B2) implies the ´t Hooft identity
Xµν λ S
µν αβ
sub = 0, (B3)
which can be written to second order as
X
(0)
µν λΠ
µν αβ
sub = −X(1)µν λ V 2 µν αβ , (B4)
where V 2 µν αβ satisfies the identity (A10). Using Eq. (A10) we see that (B4) leads immediately to the ´t Hooft
identity
χ
(0)
µνλ(k)Π
µναβ
sub (k, u)χ
(0)
αβδ(k) = 0 . (B5)
It is straightforward to show that the identity (B5) implies that Πsub8 = Πsub10 = Πsub11 = Πsub12 = 0 and so these
projections have a temperature behavior which is at most proportional to T 4.
In order to verify (3.12) we need to calculate the tensor χ
(1)
µνλ which appears in (B4). In this way we need the
source-graviton-ghost vertex which can be obtained from the Lagrangian [28]
LS = κJµνDµνλǫλ (B6)
Using the transformation δgµν = κDµνλǫ
λ we obtain
2k
µν
k1
3k
λ
α β
= −iκ
2
[
ηαληβνk2µ + ηαµηβλk2ν + ηαµηβνk3λ
]
+ α↔ β (B7)
The diagram in Fig. 3 can be now calculated using vertex (B7) and Feynman rules (2.7), (2.10) and (2.11).
Expanding χ
(1)
µνλ in the base shown in Table II and using the forward scattering method as we did for the one- and
kµkνkλ
uµuνuλ
kλuµuν
uλkµkν
kµuνuλ + kνuµuλ
uµkνkλ + uνkµkλ
ηµνkλ
ηµνuλ
kµηνλ + kνηµλ
uµηνλ + uνηµλ
TABLE II: 10 independent tensors base
two-graviton functions, we obtain the following leading T 2 contribution for χ
(1)
µνλ
χ
(1)
µνλ =
T 2
18
k0 [ηλνuµ + ηλµuν − 2uµuνuλ] (B8)
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Contracting (B8) with V 2µναβ yields
χ
(1)
µνλV
2µναβ =
T 2
18
k0 {2k · u (kαuβ + kβuα) + k · u (2ηαβkλ − ηλβkα − ηλαkβ)
(B9)
+ k2 (ηαλuβ + ηβλuα − 2uαuβuλ)− kλ (kαuβ + kβuα)− 2k · u2ηαβuλ
}
Using the result for ΠµναβT 2 , which can be obtained inserting Eq. (3.10) into (3.7), we have verified that the contraction
with χ
(0)
µνλ yields Eq. (B9) with opposite sign in complete agreement with Eq. (3.12).
APPENDIX C: THE log T CONTRIBUTIONS FOR ARBITRARY VALUES OF α
In this appendix we complement the result presented in Eq. (3.13) and include the contributions proportional to
the gauge parameter α. We have obtained the following results for the 14 projections (see Eq. (3.9))
Πlog1 =
κ2 k4
15π2
log (T )
[
1
32
(1312y2 − 304y− 363)− 1
28
α
n20
k2(4336y3 − 1948y2 − 1272y+ 39)
]
Πlog2 = −
κ2 k4
15π2
(y − 1) log (T )
[
1
16
(8y − 113)− 1
14
α
n20
k2(1332y2 − 928y− 19)
]
Πlog3 =
κ2 k4
15π2
(y − 1)2 log (T )
[
17
16
− 1
28
α
n20
k2(76y + 1)
]
Πlog4 =
κ2 k4
15π2
log (T )
[
1
32
(352y2 − 464y − 23)− 1
7
α
n20
k2(y − 1)(1084y2 − 243y − 1)
]
Πlog5 = −
κ2 k4
15π2
(y − 1) log (T )
[
1
16
(56y + 59) +
1
7
α
n20
k2(y − 1)(174y + 1)
]
Πlog6 =
4 κ2k4
3π2
log (T )y(y − 1)
Πlog7 = Π
log
8 = Π
log
9 = Π
log
10 = Π
log
11 = Π
log
12 = 0
Πlog13 =
2κ2k4
3π2
log (T )y2(y − 1)
Πlog14 = 0, (C1)
where we are using the quantity y ≡ k20k2 in order to compare with the zero temperature results of reference [8].
In terms of these projections, the coefficients of the transverse traceless components of the graviton self-energy, as
defined for instance in reference [2], can be written as
cA =
κ2 k4
15π2
log (T )
[
5
2
y2 + 2y +
19
64
− αk
2
0
n20
(
24
7
+
39
56
1
y
)]
cB =
κ2 k4
15π2
log (T )
[
5y2 +
1
8
y − 181
64
+ α
k20
n20
(
135
7
+
3
8
1
y
− 333y
14
)]
cC =
κ2 k4
15π2
log (T )
[
11
6
y2 − 25
6
y − 71
192
+ α
k20
n20
(
53
21
− 168
56
1
y
+
115
6
y − 542
21
y2
)]
. (C2)
These expressions show that the dispersion relations associated with the transverse traceless modes will, in general,
be gauge dependent at this order of perturbation theory.
APPENDIX D
As an example of the calculation shown in subsection 4.2 we will calculate a contribution of the prescription poles
for the projection Πpresc6 . This contribution can be written as
Πpresc6 =
κ2
k0
T
∑
q0
∫
dD−1~q
(2π)D−1
1
2
(D − 3)D
D − 2
[
~q 4 + (5− 2D) k40 + (2D − 6) k20 (~k2 + ~q 2) + ~k4 − 2~q 2~k2
q0 (q + k)2
]
. (D1)
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Using the prescription (3.3) and Eq. (2.13) we obtain
Πpresc6 =
κ2
k0
lim
µ→0
∫ i∞+ǫ
−i∞+ǫ
dq0
4πi
∫
dD−1~q
(2πi)D−1
coth
( q0
2T
) D
2
(D − 3)
D − 2

q0
[
~q 4 + (5− 2D) k40 + (2D − 6) k20 (~k2 + ~q 2) + ~k4 − 2~q 2~k2
]
(q20 − µ2) (q + k)2
+ q ↔ −q

 . (D2)
Closing the integration contour at right-hand side plane and expanding in terms of a power series in µ we obtain
Πpresc6 = κ
2 T
∫
dD−1~q
(2πi)D−1
D
2
(D − 3)
D − 2


(2D − 6) k20 (~q 2 + ~k2) + (5− 2D) k40 + (~k2 − ~q 2)2[
k20 − (~q + ~k)2
]2 + ~k ↔ −~k


= κ2 T
∫
dD−1~q
(2πi)D−1
D(D − 3)
D − 2

−(2D − 6) k24 (~q 2 + 2~k2) + (5 − 2D) k44 + ~q 4 + 4
(
~k · ~q
)2
(k24 + ~q
2)2

 (D3)
where k4 = ik0 and we have performed a shift ~q → ~q − ~k. In the limit D → 4 we obtain
Πpresc6 =
2κ2 T
π
|k4|(|k4|2 − ~k2) (D4)
The contributions to the projections Πpresc7 , Π
presc
9 , Π
presc
13 and Π
presc
14 are obtained in a similar way and we find that
they vanish. However, for the projections Πpresc1 , Π
presc
2 , Π
presc
3 , Π
presc
4 and Π
presc
5 we have more involved expressions
containing inverse powers of T as in Eq. (4.5).
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